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Abstract 

A multidimensional gravitational model with several scalar fields, fields of forms 
and cosmological constant is considered. When scalar fields are constant and com- 
posite p-brane monopole-like ansatz for the fields of forms is adopted, a wide class 
of solutions on product of n + 1 Einstein spaces is obtained. These solutions are 
composite p-brane generalizations of the Freund-Rubin solution. Some examples 
including the AdS m x S k x . . . solutions are considered. 
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1 Introduction 



Recently an interest to Freund-Rubin type solutions |3], || in multidimensional models 
with p-branes "living" on product of Einstein spaces appeared (see, for example, [O, 



14| , p~5n and references therein). This interest was inspired by papers devoted to duality 



between a certain limit of some superconformal theory in d- dimensional space and string 
or M-theory compactified on the space AdSd+i x W, where AdSd+i is (d+ l)-dimensional 
anti-de Sitter space and W is a compact manifold (e.g. sphere S m ) (see also ]7|, |8], |9|, 
101 im Ol etc.) 



In this paper we obtain a rather general class of solutions defined on product of n + 1 
Einstein spaces for the multidimensional gravitational model with fields of forms and 
scalar fields. These solutions generalize the Freund-Rubin solutions to the composite 
]?-brane case with constant scalar fields. They follow just from the equations of motion 
when certain restriction on intersections of "extended" p-brane worldvolumes is imposed. 
In the non-composite case the "cosmological derivation" of some special (static) solutions 
with p-branes was performed in p6|. 

We note that in the pure gravitational model with cosmological constant the solutions 
describing the product of Einstein spaces were considered in |16|, [17]] • These solutions 
were also generalized to some other matter fields, e.g. scalar one (see [18] and references 
therein). 

It was shown in H that the solutions in D = 10,11 supergravities representing 
D3, M2, M5 branes interpolate between flat-space vacuum and compactifications to AdS 
space. The AdS spaces appear in the "near-horizon" limit. The solutions obtained here 
are also related to the so-called Madjumdar-Papapetrou type solutions with intersecting 
composite p-branes (see |22, |23|, and references therein) . This correspondence will be 



considered in detail in a separate publication p5fl . 

We note that in [27] a large variety of so-called "block-orthogonal" Madjumdar- 
Papapetrou (MP) type p-brane solutions was obtained. These solutions may be related 
to Lie algebras: simple or hyperbolic ]^7|, 29]. The non-extremal "block-orthogonal" so- 
lutions were obtained earlier in PSfl. The "block-orthogonal" MP solutions contain the 
"orthogonal" ones 



31] , |3^, |34|, [35, |21], 20[ [2^]) and references therein) as a 
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special case. 

The Freund-Rubin solutions in D = 11 supergravity |L|: AdS± x S 1 and AdSj x S A , 
correspond to "electric" M2-branes "living" in AdS^ and S A respectively or, equivalently, 
to "magnetic" M5 branes "living" in S 7 and AdSV respectively). The "popular" AdS^xS 5 
solution in II B (D = 10) supergravity model ( see, for example |14j |15|) corresponds to a 
composite self-dual configuration with two D3 branes living in AdS^ and S 5 respectively 
and corresponding to a 5-form. 

In Sect. 2 we outline the general approach with arbitrary forms and dilaton fields on 
a product of (n + 1) manifolds. In Sect. 3 we give a general solution for static fields 
on a product of (n + 1) Einstein spaces. Several examples of solutions are presented. 
Among them the solution of D = 11 supergravity on the manifold AdS2 xS 2 x M 2 x M 3 
is considered. (AdSk xS'x T m solutions of D = 11 supergravity and others were listed 
in ]|14| , |T5]|). This solution corresponds to the "near horizon" limit of the Madjumdar- 
Papapetrou type solution of D = 11 supergravity describing a bound state of M2 and 
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M5 branes [27] with the intersection rule corresponding to the Lie algebra A 2 = s/(3) 
3§. 



2 The model 

We consider the model governed by the action 

S= [ d D zJ\g]{R[g}-2A-h a pg MN d M ip a d N <pP (2.1) 
Jm v 

-^^exp[2A a M](n 2 }, 

aGA Ua - 

where g = g^Ndz M ® dz N is the metric, <p = ((p a ) G IR Z is a vector from dilatonic scalar 
fields, (h a p) is a non-degenerate symmetric I x Z matrix (I G IN), # a 7^ 0, 

F a = cM a = —F^ Mna dz Ml A ... A (2.2) 

"a- 

is a n a -form (n a > 2) on a .D- dimensional manifold M, A is a cosmological constant 
and A a is a 1-form on 1R! : X a (f) = A aQ y? a , a G A; a = 1, . . . , /. In ( |2.1|) we denote 
|#| = | det(^A/jv)|, 

l-T J - P M 1 ...M na - t N 1 ...N na 9 ■■■9 > l^J 

aGA, where A is some finite set. In the models with one time all 9 a = 1 when the 
signature of the metric is (—1, +1, . . . , +1). 

The equations of motion corresponding to (|2.1|) have the following form 

2A 

-"Wat — Zmn + — ^9mn, (2.4) 
A - £ 6 a ^e 2X ^\F a ) 2 = 0, (2.5) 

aGA n «- 

V Ml [fi](e 2A ' (rf r Ml - M "°) = 0, (2.6) 
a E A; a — 1, ... ,1. In ( |2.5|) A" = h al3 X/3 a , where (h a/3 ) is a matrix inverse to {h a p). In 

Z A /iv = ZmatM + E #ae 2Aa( ^ M7V [F a , (2.7) 



aGA 



where 



^mjv[<p] = Kpdu^dN^ , (2. 



1 

Zmn \F a , (yf] = — - 



n " j- - ('Z?a^2_ 1 _„ pa T- 1 a,M 2 ...M„ a 
2 - j) 9MN\r j + n a-r M M 2 ...M na - t N 



(2.9) 



In ( |2.5| ) and (|2.6|) A[g] and v[g] are Laplace-Beltrami and covariant derivative oper- 
ators respectively corresponding to g. 

Multi-index notations. Let us consider the manifold 

M = M x Mi x . . . x M n . (2.10) 
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We denote d, = dimMj > 1; i = 0, . . . , n. D = E?=o 4 L «t 9* = sL^hWvT* ® d vT 
be a metric on the manifold Mj, £ = 0, . . . , n. Here we use the notations of our previous 
papers ]19]. 2(| [24|, Q . Let any manifold M v be oriented and connected. Then the volume 
efj-form 

T i = y /\g i (y i )\dylA...Adyf i , (2.11) 

and the signature parameter 

e t = sign(det(^„J) = ±1 (2.12) 

are correctly defined for all % = 0, . . . , n. 

Let Q = Q(n + 1) be a set of all non-empty subsets of {0, . . . , n}. The number of 
elements in Q is \Q\ = 2" +1 — 1. For any I = {ii, . . . , i^} e Q, i\ < . . . < ij., we denote 

r(I) = f il A...Af ifc , (2.13) 

e(I) = e h x ... x e ik , (2.14) 

Mi = M il x ... x M ik , (2.15) 

d(I)=J2di, (2.16) 

where dj is both, the dimension of the oriented manifold Mj and the rank of the volume 
form Tj and fj is the pullback of to the manifold M: = p*Tj, where £>j : M — > Mj, is 
the canonical projection, i — 0, . . . , n. 
We also denote by 

5} = E^ (2-17) 
the indicator of % belonging to /: 5} = 1 for i E I and 8} = otherwise. 



3 The solution 

The solution reads as following. The metric is defined on the manifold ( |2.1U| ) and has the 
following form 

g = g° + g 1 + ... + g n , (3.1) 
where g l is a metric on Mj satisfying the equation 

R*] = (3.2) 

£i = const, i = 0, . . . ,n. Here Ric[# l ] is Ricci-tensor corresponding to g % and g % = p*g l is 
the pullback of the metric g 1 to the manifold M by the canonical projection: pi : M — > Mj, 
i = 0, . . . , n. Thus, all (Mj, g l ) are Einstein spaces. 

The fields of forms and scalar fields are the following 

F a = £ QalT(I), (3.3) 

= const. (3.4) 
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where Q a j are constants, fi a C are subsets, satisfying the relations 



d(I) = n a , (3.5) 

/ G £l a , a £ A, and the Restriction presented below. The parameters of the solution 
obey the relations 

E OaKe 2X ^ ] E (Qai) 2 e(I) = 0, (3.6) 
oeA ien a 

2A + E a e 2X ^ E - £^1, (3-7) 



aGA /eSio 

i = 0, . . . , n. 

The solution is valid if the following restriction on the sets Q a , a G A, similar to that 
from p3f (see also p2| ) is satisfied. 



Restriction. For any a G A and /, J G f2 a , I ^ J, we put 

d(/nJ)<n Q -2. (3.8) 
This restriction guarantees the block-diagonal structure of the Z^/^v-tensor in 



(see relation (5J3) from the Appendix). 

The solution mentioned above may be verified by a straightforward substitution of 
the fields from ( |3.1| )-( jOD into equations of motion ( |2.4|) - ([2.9|) while formulas from the 
Appendix are keeping in mind. We note that due to the relations dF a = the potential 
form A a satisfying F a = dA a exists at least locally, a G A. 

We note that the Restriction is satisfied if the number of 1-dimensional manifolds 
among Mj is no more than 1. 

3.1 "Electro- magnetic" form of solution 

Due to relation 

*r(I) = e(I)6(I,I)r(I), (3.9) 
where * = *[#] is the Hodge operator on (M,g), 

7={0,...,n}\/ (3.10) 

is "dual" set and 6(1,1) = ±1 is defined by the following relation 

t(I)At(I) =6(I,I)r({0,...,n}), (3.11) 

the electric "brane" living in Mj (see ( ^.15| )) may be interpreted also as a magnetic 
"brane" living in Mj. The relation ( |3.3| ) may be rewritten in the "electro-magnetic" form 
as following 

F a = E QaIeT(I)+ E Qa.J m *T(J), (3.12) 

where Q a = Q ae U Q am , Q ae H f^ m = 0, Q am = {J\J = 1,1 G Q am }, and Q aIe = Q aI for 
I G Vl ae and Q aJm = Q aJ e(J)6(J, J) for J G Vl am . 
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4 Some examples 



Here we consider some examples of the obtained solutions when Eq = —1 and all £j = 1, 
i = 1, . . . ,n, i.e. "our space" (M , g ) is pseudo- Euclidean space and the "internal spaces" 
(Mi, g l ) are Euclidean ones. We also put 9 a — 1 and n a < D — 1 for all a G A. 



4.1 Solution with one p-brane 

Let f2 a = {/}, A a = for some a G A and fij, are empty for all 6 7^ a, 6 G A. Equations 
( ^6|) are satisfied identically in this case and ( p.7|) read 

ti = j^ + e(W 2 [6}-j^l}, (4.1) 
i = 0, . . . , n, where Q = Q a i- 



4.1.1 p-brane does not "live" in M 

For / = {1, . . . , k}, 1 < k < n, we get e(I) = 1 and 

£0 = = • • • = £n = ^ _ 2 - Q 2 p _ 2 i (4-2) 

For A = 0, Q 7^ we get £ = 6+1 = • • • = £n < and £1 = . . . = £ fe > 0. These 
solutions contain the solutions with the manifold 

M = AdS do x S dl x . . . x S dk x tf^ 1 x . . . x M n . (4.4) 

Here ff d is d- dimensional Lobachevsky space; M n = H dn for k < n and M n = S dn for 
k = n. 

For 2A = Q 2 (n a — 1) we get a solution with a flat our space: M = M d ° x S dl x . . . x 
S d k x R d fe+1 x _ _ We 

may consider the fine-tuning of the cosmo logical constant, when 
A and Q 2 are of the Planck order but £0 is small enough in agreement with observational 
data. 



4.1.2 p-brane "lives" in M 

For I = {0, . . . , k}, < k < n, we get e(J) = —1 and 

&+i = ■■■ = «»= ^T2 + « 2 7J3I> < 4 ' 5 > 
& = ... = & = JA__ Q2[1 _^I]. (4.6) 

For A = 0, Q 7^ 0, we get = . . . = £ n > and £0 = • • • = £fc < 0. The solutions 
contain the solutions with the manifold 

M = AdS do x H dl x . . . x H dk x S d *+* x . . . x M n . (4.7) 
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Here M n = S dn for k < n and M n = H dn for k = n. 

For 2A = Q 2 (D — n a — 1) we get a solution with a flat our space: M = IR d ° x S dl x 
... x S dk x IR dfe+1 x . . .. We may also consider the fine-tuning mechanism here. 

4.2 Solution with two ]9-branes 
4.2.1 Composite solution on M x Mi 

Let n — 1, do — di — n a — d, Q a — {Io = {0}, I\ = {1}}, for some a and other are 
empty. Denote Qq = Q a i and Q\ = Q a h- For the field of form we get from ( |3.3| ) 

F a = Qot + Q 1 T 1 . (4.8) 

When A a 7^ the equations (|3.6|) are satisfied if and only if Ql = Q\ = Q 2 . Relations 
read 

to = j^-Q 2 e 2X ^\ (4.9) 

6 = ^ + QV^). (4.10) 

For A = and Q ^ we get the solution defined on the manifold M = AdSj x S d . For 
odd d the form (|4.8|) is self-dual (see subsection 3.1). The solution describes a composite 
p-brane configuration containing AdS§ x S 5 solution in IIB supergravity as a special case. 



4.2.2 Near-horizon limit for ^4 2 -dyon in D = 11 supergravity 

Here we consider the extension of the Madjumdar-Papapetrou solution |30j to D = 11 
supergravity, describing a bound state of two p-branes: one electric (M2) and one mag- 
netic (M5) P7| . This solution has an unusual intersection rule corresponding to the Lie 
algebra A2 = s/(3). The solution is defined on the manifold ( |2.10| ) with n = 3, D = 11 
and has the following form 

g = H 2 g° - H- 2 dt®dt + g 2 + g 3 , (4.11) 
F a = v x dE- x A dt A f 2 + u 2 {* dH) A f 2 , (4.12) 

where if is the harmonic function on (Mo,g°); metrics g°,g 2 ,g 3 are Ricci-flat, £\ = +1, 
v \ = vl = 1, rankF a = 4 and d = 3, d 2 = 2, d 3 = 5. 

Let g° = dR®dR + R 2 g[S 2 ], H = C + ^, where C and M are constants and g[S 2 ] is 
the metric on S 2 . For C = 1 the 4-dimensional section of the metric describes extremally 
charged Reissner-Nordstrom black hole of mass M in the region out of the horizon: R > 0. 

Now we put C = and M = 1 (i.e. the so-called "near- horizon" limit is considered). 
We get the solution 

g = g[AdS 2 ]+g[S 2 }+g 2 + g 3 , (4.13) 
F a = Vl r[AdS 2 ] A f 2 + z/ 2 f[5 2 ] A f 2 (4.14) 
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defined on the manifold 

M = AdS 2 x S 2 x M 2 x M 3 . (4.15) 

Here g[AdS 2 } = R~ 2 [dR ® <i/2 — dt ® dt] is the metric on A/S^, (Mi, g l ) are Ricci-flat, 
i = 2, 3; e 2 = +1) d% — 2, ds — 5 and = i/f = 1. 

Remark 1. The solutions (|4TT| )- (|4~T5|) may be generalized to the case of so-called 



i?D-models i n dimension D > 12 [3S|. In this case rankF" e {4, ...,£) — 7}, d 2 = a — 2, 
g?3 = D — 2 — a, and all scalar fields are zero. In this case the solution (|4.11|) - ([4.12|) 
describes ^-dyon with electric <ii-brane and magnetic G?2-brane, corresponding to F a -form 
and intersecting in 1-dimensional time manifold. We note that l?i2-model corresponds to 
the low-energy limit of the F-theory |37| . 



Remark 2. For M 2 = JR 2 and M 3 = IR 2 x M 4 , the metrics (|4~TT| ) and (^T3|) may be 



obtained also for the solution with two M2 branes and two M5 branes H, [L5]. 



5 Appendix 

Let Fi and F 2 be forms of rank r on (M, g) (M is a manifold and g is a metric on it). We 
define 

[Fx ■ F 2 )mN = {Fl)MM 2 ...M r 

(F 2 ) N M2 - Mr (5.1) 
F\F 2 = (F, ■ F 2 )M = (F0 Ml M 2 ...M r (F 2 ) MlM2 -^. (5.2) 

For the volume forms fl2.13p we get 

^ j (r(/)r(/))=e(J), (5.3) 

(d(I)-l)\ {T{I) ' T(/))mini = e W^»«' (5 - 4) 

where the indices mj, rii correspond to the manifold Mj, i = 0, . . . ,n. The symbols e(J) 
and 8} are defined in ( p,14[) and (|2.17|) respectively. 
Let I, J en, I ^ J and d(I) = d{J). Then 



and due to Restriction 



6 Conclusions 



r(/)r(J) = 0, (5.5) 
(r(J) ■ r(J)) MN = 0. (5.6) 



In this paper we obtained exact solutions describing the product of (n + 1) Einstein 
spaces for the gravitational model with fields of forms and (dilatonic) scalar fields. The 



solutions are given by the relations (|3.1|) - (|3.71) and may be considered as a composite 



p-brane generalization of the Freund-Rubin solutions. 

These solutions may be used in multidimensional cosmology as they provide a mech- 
anism of compensation or reduction of the cosmological constant in our space by the use 
of fine-tuning of "big" A (of the Planck's order) with the "charges" of p-branes. 



S 



Another interesting aspect is connected with a singling out of a special subclass of 
AdS m x S x ... solutions originating from the Madjumdar-Papapetrou type solutions: 



"orthogonal" and "block-orthogonal" p7| in the "near- horizon" limit. Such compactifica- 
tions are of interest for the string- or M-theories itself and for the studing of the quantum 
phenomena near the horizon of the black hole. Here the compactifications inheriting the 
"non-orthogonal" intersection rules, e.g. corresponding to different Lie algebras (simple 



or hyperbolic) |27|, |29[ should be also considered. 
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